We develop a technique based upon a polynomial approximation of the Green's function for gravitational attraction of horizontal laminae, to improve the performance of spatial domain potential field modeling. We present a numerical example with good accuracy and speed.
Introduction
In this contribution we propose an alternative method to the traditional spatial domain technique of prism integration in potential field modeling. The advantages and disadvantages of prism integration as compared to e.g. Fourier methods or wavelet methods are well known. Our aim is to improve the main disadvantages of the space domain methods in order to make them an attractive alternative to FFT based techniques. Our long-range goal is to enhance the flexibility in the complexity of source distribution that can be handled, as well as to significantly improve the computational speed. However, these goals must be achieved without compromising the accuracy of the computed potential field signal. The first numerical experiments reported here were successful in all respects.
Our proposal bears some resemblance to the method of stacked horizontal lamina of Talwani and Ewing (1960) , see e.g. Blakely (1996) , except that the lamina are used to discretize the Green's function and not to parameterize directly the anomalous source. Conceptually, the lamina, which are rectangular in shape, describe the horizontal cross-section of an infinite column of unit mass density. The mass column is offset horizontally with respect to the gravity station. We derive expressions for all three components of the gravitational attraction vector due to the lamina as a function of the vertical variable.
A major speedup comes from approximating the depth/height dependence of these "exact" expressions by the sum of a polynomial and a step function. This model is valid within a specified depth/height span. Prior to modeling, the coefficients of the polynomial approximation and the parameters of the step function can be computed for different horizontal offsets and stored in a table. Except for a zone near the gravity station, the transition between these models as a function of the horizontal offset is smooth and suitable for interpolation. Through our first numerical experiment we gained some experience about the relation between the "sparseness" of the table, the maximal polynomial degree of the model, and the accuracy of the model response as compared to the "exact" prism formula.
One important aspect of the method is that the geometrical configuration between the gravity station and the mass density location, including the orientation (e.g. the local direction of the vertical) is contained in the tabulated model parameters. Thus, it does not matter whether a digital elevation model is given locally on a regular Cartesian grid, or regionally in geographical coordinates on a sphere. The data are used as they preexist. All the geometrical aspects are included in the tabulated model. For a spherical Earth approximation, the model describes the attraction of a distant mass column (the distance expressed as the length of an arc along the periphery of a sphere) as a function of the height/depth at the location of the mass column.
There are many long-range aspects of the proposed method. However, just to indicate immediate objectives, the method can be used for direct/inverse/mixed potential field modeling problems in which the source is parameterized on a regular grid (either Cartesian-or spherical). The gravity station can be offset in the horizontal with respect to these grid points. By discretizing the Green's function, we do all the "heavy computations" (such as the geometrical setup, the fixed grid spacing, accounting for the sphericity of the Earth, etc.) prior to modeling.
Theory
Following the notation of eq. (9.4) in Blakely (1996) , the vertical gravitational acceleration ) , , ( z y x g z is:
where J is the gravitational constant and U is the mass density. The dependence on x? and y? can be subdivided into a finite number of rectangular elements y x ? K ?
(the grid spacing) centered in discrete grid points Thus, with a complicated vertical mass density distribution (e.g. borehole data), one could use a vertical Fourier domain convolution, instead of summing many individual prism responses. Hence, the fundamental design of the method can be used for a substantial speedup as compared to the traditional prism integration methods for complex structures. Notice that the speed is gained without restricting the complexity of the model mass distribution.
In some applications (e.g. terrain corrections) a constant 7 is adequate. Thus,
We have derived the exact vector expressions for the gravitational attraction of a rectangular horizontal lamina, i.e. The formulae for the horizontal components is a slight generalization of example 3.2.3 in (Blakely, 1996) . Also, equation (14.241) in (Spiegel, 1968) has been used. The resulting expressions are: Increasing the polynomial degree until the approximation is adequate can do this. Our experience is that for large horizontal offsets, a low degree polynomial (n=6) gave a fit to within 0.1% -0.2%. For the near zone, with offsets about half of the grid spacing, the character of
changes from discontinuous to continuous (e.g. Figure 1a for fct | 0.5). Here, a polynomial of degree 37 yields the same quality of approximation. We argue that it is worth going up to this degree of approximation because it is only necessary for a narrow transition zone. Figure 2: First numerical experiment. Vertical gravitational attraction of 1000 random models in Zone 1 (see Table 1 The outliers in Figure 2c are because we used the nearest tabulated offset value in Figure 2b instead of the true offset, which is used in Figure 2a . This introduces a misfit, which can be minimized by a denser sampling of the table values (especially in the transition zone). In the distant zones the relative accuracy is of the same order, but without the outliers. Instead of nearest table value, one can use linear interpolation between the coefficients of the polynomial of ' z z f ij (the value of the step function is zero).
We found that, once the table is computed (prior to modeling), the proposed method is three times faster. However, this number is probably very conservative as we are in the process of optimizing the new technique. Also, the main advantage of the new technique is not necessarily that the computation is faster for one prism, but in the computational shortcuts for a "many prism" modeling scenario (e.g. the convolution example in the Theory section can be utilized).
Conclusions
We propose a new efficient method of potential field modeling equivalent to spatial domain prism integration. The method is based on a new way of parameterizing the Green's function, which resembles the method of stacked horizontal lamina of Talwani and Ewing (1960) . Preliminary numerical experiments indicate that the computation of the gravitational response of a single prism is faster by (at least) factor 3. We anticipate, once the method is fully optimized, obtaining a speedup factor of (5-10) for individual prisms. The main advantages of the method lie, however, in the possibility of handling "many prism" modeling problems associated with complex mass density distributions. Concerning the accuracy of the gravitational signal computed by the new method we have achieved a relative accuracy of 0.1%-0.5%. The outliers in the relative values can be improved to the same degree of accuracy by a more appropriate construction of tables.
